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E-mail address: nkhaji@modares.ac.ir (N. Khaji).In this paper, a new semi-analytical method is presented for modeling of three-dimensional (3D)
elastostatic problems. For this purpose, the domain boundary of the problem is discretized by speciﬁc
subparametric elements, in which higher-order Chebyshev mapping functions as well as special shape
functions are used. For the shape functions, the property of Kronecker Delta is satisﬁed for displacement
function and its derivatives, simultaneously. Furthermore, the ﬁrst derivatives of shape functions are
assigned to zero at any given node. Employing the weighted residual method and implementing
Clenshaw–Curtis quadrature, coefﬁcient matrices of equations’ system are converted into diagonal ones,
which results in a set of decoupled ordinary differential equations for solving the whole system. In other
words, the governing differential equation for each degree of freedom (DOF) becomes independent from
other DOFs of the domain. To evaluate the efﬁciency and accuracy of the proposed method, which is
called Decoupled Scaled Boundary Finite Element Method (DSBFEM), four benchmark problems of 3D
elastostatics are examined using a few numbers of DOFs. The numerical results of the DSBFEM present
very good agreement with the results of available analytical solutions.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Numerical approaches are usually employed to solve
elastostatic problems for analysis and design purposes. Various
types of numerical approaches such as Finite Element Method
(FEM), Boundary Element Method (BEM), and Scaled Boundary
Finite Element Method (SBFEM), are commonly used to solve
two- and three-dimensional (2D and 3D) elastostatic problems.
The use of the FEM is popular since its procedures are
well-established and versatile in nature (see for example, Gan
et al. (2005), Papanicolopulos et al. (2009), Rashid and Selimotic
(2006), and Zienkiewicz and Taylor (2000), among others for
solving 3D problems).
The BEM principally requires reduced surface discretizations,
and may be regarded as an appealing alternative to the FEM for
elastostatic problems (see for example, Banerjee and Henry
(1992), Chen and Lin (2010), Cruse (1969), Denda and Wang
(2009), Masters and Ye (2004), Milroy et al. (1997), Mittelstedt
and Becker (2006), Pan and Yuan (2000), Turco and Aristodemo
(1998), Wang and Denda (2007), and Wu and Stern (1991), for
3D problems). As the BEM requires no domain discretization, fewer
unknowns are needed to be stored. The BEM needs a fundamental
solution for the governing differential equation in order to derivell rights reserved.
: +98 21 82883381.the boundary integral equation. This means that the BEM requires
fundamental solutions that are dependent on the problem of inter-
est. Although coefﬁcient matrices of the BEM are much smaller
than those of the FEM, they are usually fully-populated, non-sym-
metric, and non-positive deﬁnite.
Combining the advantages of the BEM and the FEM, the SBFEM
has been successfully developed by Wolf (2004). By transforming
the governing partial differential equations to ordinary differential
equations, the SBFEM discretizes only the domain boundary of
interest with surface ﬁnite elements. The SBFEM, which does not
require any fundamental solution as for the BEM, has also been
used for the analysis of 3D elastostatic problems (see Doherty
and Deeks (2003) and Song (2004) among others).
In addition to the above-mentioned numerical methods, some
other analytical and semi-analytical methods have been presented
to solve the 3D elastostatic problems. Gao and Rowlands (2000)
have developed a new hybrid experimental-analytical/numerical
method for stress analysis of ﬁnite 3D elastostatics problems. Li
and Fan (2001) have considered 3D interface inclusion problem
based on the representations of displacements and stresses in term
of Love’s strain potential and Hankel transform technique. Kucher
and Markenscoff (2004) have formulated the boundary value
problem of traction for inhomogeneous anisotropic elastic materi-
als in terms of stresses and applied it to spherically anisotropic
materials. Peng et al. (2005) have presented a new simple
engineering method for estimating the stress-intensity factor
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(2011) have suggested a novel asymptotic approach to the theory
of non-homogeneous anisotropic piezoelectric plates.
In this paper, using a new semi-analytical method, called
hereafter Decoupled Scaled Boundary Finite Element Method
(DSBFEM), 3D bounded and unbounded elastostatic problems are
investigated. The DSBFEM is the extension of the previous research
of the authors for solving 2D potential (Khaji and Khodakarami,
2011) and 2D elastostatic (Khodakarami and Khaji, 2011) prob-
lems. Therefore, the main concepts of the method are given in this
paper. In other words, emphasis is mainly devoted to those impor-
tant features of the DSBFEM which are subjected to considerable
modiﬁcations compared to the previous works performed by the
authors. In the DSBFEM, analogous to the previous works for solv-
ing 2D bounded potential and elastostatic problems, only domain
boundaries are discretized. Consequently, the governing ordinary
differential equations are solved in the problem domain,
analytically. The elements of the domain boundary are of special
subparametric type in which, new special shape functions and
higher-order Chebyshev mapping functions are employed.
Proposing a weighted residual form and using Clenshaw–Curtis
quadrature, the coefﬁcient matrices of the system of equations be-
come diagonal, which results in decoupled ordinary differential
equations for the whole system. This means that the governing
equation for each degree of freedom (DOF) is independent from
other DOFs of the domain boundary. Accuracy and efﬁciency of
the DSBFEM are illustrated through four benchmark problems.
2. 3D elastostatic governing equations in global coordinates
The equilibrium equations in elasticity may be solved based on
either a strong or a weak formulation of the problem. In the strong
formulation, one may directly elaborate the equilibrium equations
and associated boundary conditions (BCs) written in a differential
form. In the weak formulation one uses an integral form of the
equations of motion.
The DSBFEM is a semi-analytical procedure which is based upon
a weak formulation of the governing equations of elastostatic prob-
lems. The equilibrium equations for a 3D domain X ðX  R3Þ
shown in Fig. 1 may be described by
rij;j þ fi ¼ 0 ð1Þ
in which rij indicates the stress tensor components, and fi denotes
the external source of exciting forces per unit volume. For a 3D
domain in global coordinates, i ¼ X; Y; Z and j ¼ X;Y; Z (see
Fig. 1(a)).
Instead of employing the governing equations and correspond-
ing boundary conditions directly (i.e., the strong form of Eq. (1)),
one may use a weak form (e.g. integral form as weighted residual
method). This may be performed by weighting Eq. (1) with
arbitrary weighting function ðwiÞ, and integrating over the problem
domain X. This results in the following formZ
X
wiðrij;j þ fiÞdX ¼ 0 ð2Þ
orZ
X
wirij;jdXþ
Z
X
wifidX ¼ 0: ð3Þ
Eq. (3) will be followed and discussed in Section 5.
3. Geometry modeling by mapping functions
To analyze a problem using numerical methods, the problem
domain should be discretized. In the DSBFEM, a scaling center
(SC) is chosen from which all domain boundaries are visible(Fig. 1(a)). For the bounded domains, the SC can be selected inside
the domain or on the boundary. As a result, the total boundary of
the domain consists of two types of surfaces: the surface that pass
through the SC, and the other remaining surfaces. In the DSBFEM,
only the surfaces that does not pass through the SC should be
discretized by ne two-dimensional (2D) subparametric elements
Sne; e ¼ 1;2; . . . ;ne, so that Sn ¼ [nee¼1Sne (see Fig. 1(b)).
In the DSBFEM, a geometry transmission from global Cartesian
coordinates ðx_; y_; z_Þ to local dimensionless coordinates ðn;g; fÞ is
proposed. The transmission is performed by Chebyshev polynomi-
als as mapping functions. Three dimensionless local coordinates
n;g and f are deﬁned as n is radial coordinate from the SC to the
boundaries, while g and f are tangential coordinates on the bound-
ary surfaces. The radial coordinate n is equal to zero at the SC and is
equal to 1 on the boundary surfaces. The tangential coordinates g
and f vary between 1 and þ1 on the boundary surfaces.
In addition, the displacement and stress components at each
node are interpolated by special shape functions that are intro-
duced in this paper. The mapping functions and the special shape
functions are illustrated in the following sections.
After discretizing the boundary surfaces, the domain boundary
geometry is approximated using mapping functions. Each element
on the boundary is analogous to a quadrilateral; thus, an appropri-
ate one-by-one mapping between a square parent element and
each real physical element Sne may be established. In the DSBFEM,
subparametric elements whose mapping functions ½Uðg; fÞ are dif-
ferent from shape functions ½Nðg; fÞ are introduced (see section 4
for more details on shape functions). If the global coordinates of
the ith node of element Sne on the boundary surfaces are denoted
by xi; yi and zi, each element S
n
e may be deﬁned in terms of a set
of M mapping functions /aðg; fÞ which is related to nodes a,
a ¼ 1;2; . . . ;M. The geometry of elements in local coordinates is
then written as
fxðg; fÞg ¼ ½Uðg; fÞfxg ð4Þ
or,
xðg; fÞ ¼
XM
i¼1
xi/iðg; fÞ; yðg; fÞ ¼
XM
i¼1
yi/iðg; fÞ;
zðg; fÞ ¼
XM
i¼1
zi/iðg; fÞ ð5Þ
in which
fxðg; fÞg ¼ bxðg; fÞ; yðg; fÞ; zðg; fÞcT ;
fxg ¼ bx1; y1; z1; x2; y2; z2; . . . ; xM; yM; zMcT ð6Þ
and ½UðgÞ ¼ ½/1ðgÞ½I;/2ðgÞ½I; . . . ;/MðgÞ½I, and ½I indicates a 3 3
identity matrix. Furthermore, x, y and z denote the global coordi-
nates of the boundary surface points.
In the DSBFEM, any point in the domain with x
_
; y
_
and y
_
coordi-
nates relates to the corresponding point on the elements of the
boundary using the following equations
x
_ðn;g; fÞ ¼ nxðg; fÞ ¼ n
XM
a¼1
xa/aðg; fÞ; ð7Þ
y
_ðn;g; fÞ ¼ nyðg; fÞ ¼ n
XM
a¼1
ya/aðg; fÞ; ð8Þ
z
_ðn;g; fÞ ¼ nzðg; fÞ ¼ n
XM
a¼1
za/aðg; fÞ: ð9Þ
In order to produce mapping functions, the Chebyshev
polynomials are employed. The number of nodes in each boundary
element is denoted by M ¼ ðng þ 1Þðnf þ 1Þ, where ðng þ 1Þ and
ðnf þ 1Þ indicate the numbers of nodes along g or f directions,
(a)
(b)
Fig. 1. A 3D domain ðXÞ with Dirichlet ðSuÞ and Neumann ðStÞ boundary conditions (BCs) for elastostatic problems. Scaling center (SC) in: (a) global coordinates system, and
(b) scaled boundary local system. In addition, (b) shows mesh deﬁnition of elements at the boundaries of the domain.
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be introduced as
/aðg; fÞ ¼ /ijðg; fÞ ¼ uiðgÞujðfÞ; i ¼ 1;2; . . . ;ng þ 1;
j ¼ 1;2; . . . ;nf þ 1: ð10Þ
The interpolation polynomials uiðgÞ and ujðfÞ which are Chebyshev
polynomials are produced as (Lebedev, 1965)
uiðgÞ ¼
2
ng
Xng
n¼0
1
ci1cn
Tnðgi1ÞTnðgÞ ð11Þ
and
ujðfÞ ¼
2
nf
Xnf
n¼0
1
cj1cn
Tnðfj1ÞTnðfÞ ð12Þ
in which TnðgÞ and TnðfÞ indicate the ﬁrst kind Chebyshev polyno-
mials of order n. Moreover, cn ¼ 1 for 0 < n < ng (or, 0 < n < nfÞ,
and cn ¼ 2 for n ¼ 0; ng (or, n ¼ 0; nfÞ .Considering Eqs. (11) and (12), the Chebyshev polynomials are
either zero or one at any given node
uaðgbÞ ¼ dab ð13Þ
and
uaðfbÞ ¼ dab; ð14Þ
which result in
/aðgb; fbÞ ¼ dab; ð15Þ
where d is the Kronecker Delta.
For reasons which will be discussed in the next sections, the
nodes’ position gi and fj required in Eqs. (11) and (12), are selected
at special locations called Chebyshev–Lobatto–Legendre (CLL)
points (Lebedev, 1965) as followings
gi ¼  cos
ip
ng
 
; i ¼ 0;1; . . . ;ng ð16Þ
N. Khaji, M.I. Khodakarami / International Journal of Solids and Structures 49 (2012) 2528–2546 2531and
fj ¼  cos
jp
nf
 
; j ¼ 0;1; . . . ;nf: ð17Þ
In other words, each element has M CLL points for a polynomial of
degree of M ¼ ðng þ 1Þðnf þ 1Þ. As expressed later, the selection of
CLL points is motivated by the fact that the combination of Clen-
shaw–Curtis quadrature and special shape functions absolutely
leads to decoupled equations and diagonal coefﬁcient matrices.
For a sixteen-node element, the position of nodes and mapping
functions are demonstrated in Fig. 2.
Since the integral form of governing equation (3) contains the
integral over the problem volume, a boundary surface element in
the local coordinates should be deﬁned for 3D formulation. To this
end, a differential element of volume d x
_
d y
_
d z
_
in the global coor-
dinates is considered which is related to a differential element of
volume dndgdf in the local coordinates, as given below
dX ¼ d x_d y_d z_ ¼ J
_
ðn;g; fÞ
 
dndgdf ¼ n2jJðg; fÞjdndgdf; ð18Þ
in which ½ J
_
ðn;g; fÞ indicates the 3 3 Jacobian matrix of transfor-
mation given by
J
_
ðn;g; fÞ
 
¼
@ x
_
; y
_
; z
_
 
@ðn;g; fÞ
2
4
3
5; fx_g ¼ x
_
y
_
z
_
8><
>:
9>=
>;: ð19Þ
Using Eqs. (7)–(9) and (19), J
_
ðn;g; fÞ
 
 may be expressed accord-
ing to the determinant of the mapping functions Jacobian matrix on
the boundary j½Jðg; fÞj, as
J
_
ðn;g; fÞ
 
 ¼ n2j½Jðg; fÞj; ð20Þ
where
½Jðg; fÞ ¼
xðg; fÞ yðg; fÞ zðg; fÞ
x;gðg; fÞ y;gðg; fÞ z;gðg; fÞ
x;fðg; fÞ y;fðg; fÞ z;fðg; fÞ
2
64
3
75: ð21Þ
Furthermore, the inverse of ½Jðg; fÞ matrix is expressed as
½Jðg; fÞ1 ¼ 1j½Jðg; fÞj J
1
n ðg; fÞ
n o
J1g ðg; fÞ
n o
J1f ðg; fÞ
n oh i
; ð22Þ
where,
J1n ðg;fÞ
n o
¼
J1nx ðg; fÞ
J1ny ðg; fÞ
J1nz ðg; fÞ
8><
>:
9>=
>;¼
y;gðg; fÞz;fðg;fÞ  y;fðg; fÞz;gðg; fÞ
z;gðg;fÞx;fðg;fÞ  z;fðg;fÞx;gðg;fÞ
x;gðg; fÞy;fðg;fÞ  x;fðg;fÞy;gðg;fÞ
8><
>:
9>=
>;;
ð23Þ
J1g ðg; fÞ
n o
¼
J1gx ðg; fÞ
J1gy ðg; fÞ
J1gz ðg; fÞ
8><
>:
9>=
>; ¼
zðg; fÞy;fðg; fÞ  z;fðg; fÞyðg; fÞ
xðg; fÞz;fðg; fÞ  x;fðg; fÞzðg; fÞ
yðg; fÞx;fðg; fÞ  y;fðg; fÞxðg; fÞ
8><
>:
9>=
>;;
ð24Þ
J1f ðg; fÞ
n o
¼
J1fx ðg; fÞ
J1fy ðg; fÞ
J1fz ðg; fÞ
8><
>>:
9>=
>>; ¼
yðg; fÞz;gðg; fÞ  y;gðg; fÞzðg; fÞ
zðg; fÞx;gðg; fÞ  z;gðg; fÞxðg; fÞ
xðg; fÞy;gðg; fÞ  x;gðg; fÞyðg; fÞ
8><
>:
9>=
>;:
ð25ÞThe spatial derivatives respect to x
_
; y
_
; z
_
are transformed to those
respect to n;g; f using J
_
ðn;g; fÞ
 
matrix as
@
@ x
_
@
@ y
_
@
@ z
_
8><
>:
9>=
>; ¼ J
_
ðn;g; fÞ
 1 @@n
@
@g
@
@f
8><
>:
9>=
>; ð26Þ
or using ½Jðn;g; fÞ matrix as
@
@ x
_
@
@ y
_
@
@ z
_
8>><
>:
9>>=
>; ¼ ½Jðn;g; fÞ
1
@
@n
1
n
@
@g
1
n
@
@f
8><
>:
9>=
>;: ð27Þ
Consequently, substituting Eq. (22) into Eq. (27), leads to the fol-
lowing relation
@
@ x
_
@
@ y
_
@
@ z
_
8><
>:
9>=
>;¼
1
j½Jðg;fÞj J
1
n ðg;fÞ
n o @
@n
þ1
n
J1g ðg;fÞ
n o @
@g
þ1
n
J1f ðg;fÞ
n o @
@f
 
:
ð28Þ
As is clear from Eq. (3), the spatial derivatives of displacement
vector are required. Therefore, considering a virtual vector
fgg ¼ g
x
_; g
y
_; g
z
_
j kT
in global coordinate system, the spatial deriva-
tives of this virtual vector in global and local coordinate systems
are related as given below
g
x
_
; x
_ g
y
_
;y
_ g
z
_
; z
_ g
y
_
; z
_ þ g
z
_
;y
_ g
x
_
; z
_ þ g
z
_
;x
_ g
x
_
;y
_ þ g
y
_
;x
_
j kT
¼ ½L
g x_
g
y
_
g
z
_
8<
:
9=
;; ð29Þ
where the differential operator [L] is
½L ¼
@
@ x
_ 0 0 0 @
@ z
_
@
@ y
_
0 @
@ y
_ 0 @
@ z
_ 0 @
@ x
_
0 0 @
@ z
_
@
@ y
_
@
@ x
_ 0
2
664
3
775
T
: ð30Þ
Thus, substituting Eq. (28) into Eq. (30) yields
½L ¼ ½b1ðg; fÞ @
@n
þ ½b2ðg; fÞ1
n
@
@g
þ ½b3ðg; fÞ1
n
@
@f
; ð31Þ
where
½b1ðg; fÞ ¼ 1j½Jðg; fÞj
J1nx ðg; fÞ 0 0
0 J1ny ðg; fÞ 0
0 0 J1nz ðg; fÞ
0 J1nz ðg; fÞ J1ny ðg; fÞ
J1nz ðg; fÞ 0 J1nx ðg; fÞ
J1ny ðg; fÞ J1nx ðg; fÞ 0
2
666666666664
3
777777777775
; ð32Þ
½b2ðg; fÞ ¼ 1j½Jðg; fÞj
J1gx ðg; fÞ 0 0
0 J1gy ðg; fÞ 0
0 0 J1gz ðg; fÞ
0 J1gz ðg; fÞ J1gy ðg; fÞ
J1gz ðg; fÞ 0 J1gx ðg; fÞ
J1gy ðg; fÞ J1gx ðg; fÞ 0
2
666666666664
3
777777777775
; ð33Þ
ηζ
(a) (b) 
(c)  (d)  
(e)  (f)  
Fig. 2. Mapping function of a sample sixteen-node element; (a) the location of CLL points as control points (or nodes), (b) the Chebyshev polynomials as interpolation
function along each boundary coordinates g and f, (c)–(f) represent mapping function related to points ð1;1Þ; ð0:5;1Þ; ð0:5;0:5Þ and (1,0.5). These points refer to the CLL
points of reference element.
2532 N. Khaji, M.I. Khodakarami / International Journal of Solids and Structures 49 (2012) 2528–2546½b3ðg; fÞ ¼ 1j½Jðg; fÞj
J1fx ðg; fÞ 0 0
0 J1fy ðg; fÞ 0
0 0 J1fz ðg; fÞ
0 J1fz ðg; fÞ J1fy ðg; fÞ
J1fz ðg; fÞ 0 J1fx ðg; fÞ
J1fy ðg; fÞ J1fx ðg; fÞ 0
2
666666664
3
777777775
: ð34ÞAssume the location of an arbitrary point P in the domain is
deﬁned by (see Fig. 3(a))
S : frðn;g; fÞg ¼
x
_ðn;g; fÞ
y
_ðn;g; fÞ
z
_ðn;g; fÞ
8><
>:
9>=
>; ð35Þ
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S : frðn;g; fÞg ¼ n
xðn;g; fÞ
yðn;g; fÞ
zðn;g; fÞ
8><
>:
9>=
>;: ð36Þ
Moreover, assume fr;ng; fr;gg, and fr;fg denote the tangential
vectors along n;g, and f, respectively (see Fig. 3(b)–(d)). Then, the
cross product of these vectors gives a normal matrix ½N at point
P. The normal matrix consists of three normal vectors fNng; fNgg,
and fNfg as given below (see Kreyszig (2006))
fNnðn;g; fÞg ¼ fr;gðn;g; fÞg  fr;fðn;g; fÞg; ð37Þ
fNgðn;g; fÞg ¼ fr;fðn;g; fÞg  fr;nðn;g; fÞg; ð38Þ
fNfðn;g; fÞg ¼ fr;nðn;g; fÞg  fr;gðn;g; fÞg: ð39Þ
Finally, the corresponding components of unit normal matrix [n] on
the surface S is calculated as
fnnðn;g; fÞg ¼ fN
nðn;g; fÞg
jfNnðn;g; fÞgj ; ð40Þ
fngðn;g; fÞg ¼ fN
gðn;g; fÞg
jfNgðn;g; fÞgj ; ð41Þ
fnfðn;g; fÞg ¼ fN
fðn;g; fÞg
jfNfðn;g; fÞgj : ð42Þ(b)
Fig. 3. The deﬁnition of unit normal vectors at point P located inside the domain. (a) The
outward normal vectors along (b) n direction, (c) f direction, and (d) g direction.4. Shape functions and modeling the problems
Along the radial lines passing through the SC and a node on the
boundary, the nodal displacement function fuðnÞg is introduced in
the DSBFEM. The displacement function fuðn;g; fÞg at point ðn;g; fÞ
is obtained by interpolation of displacement ﬁeld using shape func-
tions over each element. The elements which are used in the DSB-
FEM are subparametric ones, whose mapping functions and shape
functions are different. In the DSBFEM, for the approximation of dis-
placement function and its derivatives for each boundary elements,
new shape functions ½Nðg; fÞ are proposed. By implementing these
shape functions, diagonal coefﬁcient matrices may be obtained for
elastostatic problems, as shown in the next sections.
Using the shape functions, the displacement ﬁeld for any point
ðx; y; zÞ on each element of the domain boundary may be uniquely
related to points ðg; fÞ on a reference surface element as
uxðg; fÞ ¼
XM
a¼1
uxðga; faÞNaðg; fÞ;
uyðg; fÞ ¼
XM
a¼1
uyðga; faÞNaðg; fÞ;
uzðg; fÞ ¼
XM
a¼1
uzðga; faÞNaðg; fÞ;
ð43Þ
where a denotes the node number, and 1 6 g; f 6 þ1.(a)
(c) (d)
reference square element of the boundary with its side faces Sn; Sg and Sf. The unit
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characteristic: (a) the shape functions possess Kronecker Delta
property, and (b) their ﬁrst derivatives are equal to zero at any gi-
ven node
Naðgb; fbÞ ¼ dab; ð44Þ
Na;gðgb; fbÞ ¼ 0; ð45Þ
Na;fðgb; fbÞ ¼ 0: ð46Þ(a
(b)
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
-1 -0.5 0
h 
( η
)  o
r  
h (
ζ)
η or
h1 h2
(d) 
Fig. 4. Shape functions for a sixteen-node element. (a) The proposed polynomials as inte
shape functions corresponding to sample CLL points of (1,1), ð0:5;1Þ; ð0:5;0:5Þ and ð1In fact, for an M-node element, the proposed shape functions
Nijðg; fÞ for the ijth CLL point (or node) are produced by multiplying
the interpolation function hiðgÞ and hjðfÞwhich are related to the ith
node along g direction and the jth node along f direction, as given
by
Nijðg; nÞ ¼ hiðgÞhjðfÞ; ð47Þ
where i ¼ 1;2; . . . ;ng þ 1 and j ¼ 1;2; . . . ;nf þ 1.) 
(c)
0.5 1
  ζ
h3 h4
 
(e)  
rpolation functions along each boundary coordinates g and f. (b)–(e) represent the
;0:5Þ, respectively.
N. Khaji, M.I. Khodakarami / International Journal of Solids and Structures 49 (2012) 2528–2546 2535For an M-node element in the DSBFEM, the hiðgÞ and hjðfÞ func-
tions are represented as polynomial of degree 2ng þ 1 and 2nf þ 1,
respectively
hiðgÞ ¼
X2ngþ1
k¼0
akgk ð48Þ
and
hjðfÞ ¼
X2nfþ1
k¼0
akf
k; ð49Þ(b)
(d)
Fig. 5. Example 1: a 3D solid rod; (a) geometry and boundary conditions; geometry and
nine nine-node elements; (f) the boundaries of the problem is discretized using 7 nine-whose 2ng and 2nf unknown constant coefﬁcients, ak, may be deter-
mined using Eqs. (44)–(46). For a nine-node element as an example,
ng ¼ nf ¼ 2 and therefore g1 ¼ 1; g2 ¼ 0 and g3 ¼ þ1, and also
f1 ¼ 1; f2 ¼ 0 and f3 ¼ þ1 . Using Eqs. (44)–(46), (48) and (49),
the interpolation functions along g and f direction of this element
may be found as
h1ðgÞ ¼ g2  54g
3  1
2
g4 þ 3
4
g5; ð50Þ
h2ðgÞ ¼ 1 2g2 þ g4; ð51Þ
h3ðgÞ ¼ g2 þ 54g
3  1
2
g4  3
4
g5 ð52Þ(a)
(e)
(c)
meshing in the local coordinates system using (b) three, (c) ﬁve, (d) seven, and (e)
node elements with 39 nodes.
(f)
Fig. 5 (continued)
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h1ðfÞ ¼ f2  54 f
3  1
2
f4 þ 3
4
f5; ð53Þ
h2ðfÞ ¼ 1 2f2 þ f4; ð54Þ
h3ðfÞ ¼ f2 þ 54 f
3  1
2
f4  3
4
f5: ð55Þ
Substituting Eqs. (53)–(55) into Eq. (47), the nine shape functions
on these nodes are
N11ðg;fÞ ¼ g2  54g
3 1
2
g4 þ3
4
g5
 
f2  5
4
f3  1
2
f4 þ3
4
f5
 
; ð56Þ
N21ðg;fÞ ¼ ð12g2 þg4Þ f2 54f
3  1
2
f4 þ 3
4
f5
 
; ð57Þ
N31ðg;fÞ ¼ g2 þ 54g
3 1
2
g4 3
4
g5
 
f2  5
4
f3  1
2
f4 þ3
4
f5
 
; ð58Þ
N12ðg;fÞ ¼ g2  54g
3 1
2
g4 þ3
4
g5
 
ð12f2 þ f4Þ; ð59Þ
N22ðg;fÞ ¼ ð12g2 þg4Þð1 2f2 þ f4Þ; ð60Þ
N32ðg;fÞ ¼ g2 þ 54g
3 1
2
g4 3
4
g5
 
ð12f2 þ f4Þ; ð61Þ
N13ðg;fÞ ¼ g2  54g
3 1
2
g4 þ3
4
g5
 
f2 þ 5
4
f3  1
2
f4 3
4
f5
 
; ð62Þ
N23ðg;fÞ ¼ ð12g2 þg4Þ f2 þ54f
3  1
2
f4  3
4
f5
 
; ð63Þ
N33ðg;fÞ ¼ g2 þ 54g
3 1
2
g4 3
4
g5
 
f2 þ 5
4
f3  1
2
f4 3
4
f5
 
: ð64ÞSee Fig. 4 for the shape functions of a sixteen-node element. For
other constant coefﬁcients of ak in Eqs. (48) and (49), see Table 1
of Khodakarami and Khaji (2011).
The displacement ﬁeld fuðn;g; fÞg ¼ buxðn;g; fÞ;uyðn;g; fÞ;
uzðn;g; fÞcT at a point ðn;g; fÞ is obtained by the interpolation of
the displacement function with shape functions
fuðn;g; fÞg ¼ ½Nðg; fÞfuðnÞg ¼ ½Nðg; fÞ uxðnÞ;uyðnÞ;uzðnÞ
	 
T
; ð65Þ
where fuðnÞg ¼ bux1ðnÞ;uy1ðnÞ;uz1ðnÞ;ux2ðnÞ; uy2ðnÞ; uz2ðnÞ; . . . ;uxðngþ1Þ
ðnÞ;uyðngþ1ÞðnÞ;uzðngþ1ÞðnÞcT for each element, ½NðgÞ ¼ ½N1ðgÞ½I;
N2ðgÞ½I; . . . ;Nngþ1ðgÞ½I, and ½I denotes a 3 3 identity matrix.
Using Eq. (31), the strain vector at a given point ðn;g; fÞ may be
given by
feðn;g;fÞg ¼
exðn;g; fÞ
eyðn;g;fÞ
ezðn;g; fÞ
8<
:
9=
;
¼ ½B1ðg;fÞfuðnÞg;n þ
1
n
½B2ðg;fÞfuðnÞgþ1
n
½B3ðg; fÞfuðnÞg;
ð66Þ
where
½B1ðg; fÞ ¼ ½b1ðg; fÞ½Nðg; fÞ; ð67Þ
½B2ðg; fÞ ¼ ½b2ðg; fÞ½Nðg; fÞ; ð68Þ
½B3ðg; fÞ ¼ ½b3ðg; fÞ½Nðg; fÞ: ð69Þ
(a) 
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Fig. 6. (a) The vertical displacement component of the 1st example, along Z-direction on the line of ðX ¼ 0; Y ¼ 0Þ, calculated using the DSBFEM according to four different
meshes as well as analytical solution; (b) error distributions along Z-direction; (c) the convergence of the DSBFEM solutions.
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Eqs. (45) and (46)), the second term of Eq. (66) at the nodes will
vanish. Moreover, using the properties of proposed shape functions
(Eqs. (44)–(46)), the ﬁrst derivative of matrix ½B1ðg; fÞ with respect
to g and f, is given as
½B1ðg; fÞ;g ¼ ½b1ðg; fÞ;g½Nðg; fÞ ð70Þ
and
½B1ðg; fÞ;f ¼ ½b1ðg; fÞ;f½Nðg; fÞ ð71Þ
The relation between strain and stress may be expressed using
Hooke’s Law and Eq. (66) as
frðn;g; fÞg ¼ ½D B1ðg; fÞ
h i
fuðnÞg;n þ
1
n
B2ðg; fÞ
h i
fuðnÞg

þ 1
n
B3ðg; fÞ
h i
fuðnÞg

; ð72Þ
where ½D indicates the elasticity matrix of the problem, and similar
to Eq. (67), the second term of Eq. (73) at nodes of elements is equal
to zero.
5. System of ordinary differential equations
By using Eq. (72), the ﬁrst term of Eq. (3) in local coordinate (i.e.,
i ¼ n;g; fÞ, may be written asZ
X
wirij;jdX¼
Z
X
fwðn;g;fÞgT b1ðg;fÞ
h iT
frðn;g;fÞg;n

þ1
n
b2ðg;fÞ
h iT
frðn;g;fÞg;gþ
1
n
b3ðg;fÞ
h iT
frðn;g;fÞg;f

dX:
ð73Þ
Using Eqs. (70) and (71), the ﬁrst derivative of stress vector with re-
spect to g and f may be written asfrðn;g; fÞg;g ¼ ½D½b1ðg; fÞ½Nðg; fÞfuðnÞg;n
 
;g
; ð74Þ
frðn;g; fÞg;f ¼ ½D½b1ðg; fÞ½Nðg; fÞfuðnÞg;n
 
;f
: ð75Þ
Since [D] and fuðnÞg;n are not functions of g or f, Eqs. (74) and (75)
yield the following expressions
frðn;g; fÞg;g ¼ ½Dð½b1ðg; fÞ½Nðg; fÞ;g þ ½b1ðg; fÞ;g½Nðg; fÞÞfuðnÞg;n;
ð76Þ
frðn;g; fÞg;f ¼ ½Dð½b1ðg; fÞ½Nðg; fÞ;f þ ½b1ðg; fÞ;f½Nðg; fÞÞfuðnÞg;n:
ð77Þ
Substituting Eqs. (72), (76) and (77) into Eq. (73) results in
(a) (b) 
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Fig. 7. The stress components in various sections of the rod of the 1st example; (a) the shear stress component of sXZ along the line of ðY ¼ 0:2; Z ¼ 2:5Þ, (b) the shear stress
component of sYZ along the line of ðX ¼ 0; Z ¼ 2:5Þ, and (c) the normal stress at the plane of Z ¼ 2:5.
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X
wirij;jdX ¼
Z
X
fwðn;g; fÞgT b1ðg; fÞ
h iT
 ½D½b1ðg; fÞ½Nðg; fÞfuðnÞg;n
 
;n
þ 1
n
b2ðg; fÞ
h iT
½D b1ðg; fÞ
h i
;g
½Nðg; fÞfuðnÞg;n
þ 1
n
½b3ðg; fÞT ½D½b1ðg; fÞ;f½Nðg; fÞfuðnÞg;n

dX: ð78Þ
As the ﬁrst derivatives of shape functions are zero at nodes,
N;gðg; fÞ ¼ 0 and N;fðg; fÞ ¼ 0, and also ½b1ðg; fÞ, ½D and ½Nðg; fÞ
are independent of n, Eq. (78) may be easily simpliﬁed to the follow-
ing formZ
X
wirij;jdX¼
Z
X
fwðn;g; fÞgT ½b1ðg; fÞT ½D b1ðg; fÞ
h i
½Nðg; fÞfuðnÞg;nndX
þ
Z
X
1
n
fwðn;g; fÞgT b2ðg; fÞ
h iT
½D½b1ðg; fÞ;g
 ½Nðg; fÞfuðnÞg;ndXþ
Z
X
1
n
fwðn;g; fÞgT b3ðg; fÞ
h iT
 ½D½b1ðg;fÞ;f½Nðg; fÞfuðnÞg;ndX: ð79Þ
On the other hand, the second terms of Eq. (3) may be expressed asZ
X
wifidX ¼
Z
X
fwðn;g; fÞgTff bðn;g; fÞgdX; ð80Þ
where ff bðn;g; fÞg ¼ bf bx ðn;g; fÞ; f by ðn;g; fÞ; f bz ðn;g; fÞcT denotes the
vector of body force. Substituting Eqs. (79) and (80) into Eq. (3) re-
sults in the following formZ
X
fwðn;g; fÞgT b1ðg; fÞ
h iT
½D½b1ðg; fÞ½Nðg; fÞfuðnÞg;nndX
þ
Z
X
1
n
fwðn;g; fÞgT b2ðg; fÞ
h iT
½D b1ðg; fÞ
h i
;g
½Nðg; fÞfuðnÞg;ndX
þ
Z
X
1
n
fwðn;g; fÞgT b3ðg; fÞ
h iT
½D½b1ðg; fÞ;f½Nðg; fÞfuðnÞg;ndX
þ
Z
X
fwðn;g; fÞgTff bðn;g; fÞgdX ¼ 0: ð81Þ
Considering Eqs. (18) and (20), and after some algebraic manip-
ulations, Eq. (81) may be given asZ 1
0
Z
Sn
fwðn;g; fÞgT n2½b1ðg; fÞT ½D½b1ðg; fÞ½Nðg; fÞfuðnÞg;nn

þ n½b2ðg; fÞT ½D½b1ðg; fÞ;g½Nðg; fÞfuðnÞg;n
þ n½b3ðg; fÞT ½D½b1ðg; fÞ;f½Nðg; fÞfuðnÞg;n þ n2ff bðn;g; fÞg

 ½Jðg; fÞjdgdfj Þdn ¼ 0; ð82Þ
where Sn represents the surface boundaries with n ¼ 1 . Eq. (82)
may be satisﬁed by setting the integrand of the integrals over n
equal to zero. Consequently, the integrand function should be zero
as given byZ
Sn
fwðn;g; fÞgT n2½b1ðg; fÞT ½D½b1ðg; fÞ½Nðg; fÞfuðnÞg;nn

þ n½b2ðg; fÞT ½D½b1ðg; fÞ;g½Nðg; fÞfuðnÞg;n
þ n½b3ðg; fÞT ½D½b1ðg; fÞ;f½Nðg; fÞfuðnÞg;n þ n2ff bðn;g; f; tÞg

 j½Jðg; fÞjdgdf ¼ 0: ð83Þ
(a) (b) 
(c) 
Fig. 8. The contours of stress components on the XY plane at Z ¼ 2:5 obtained by the DSBFEM for example 1; (a) sYZðX;YÞ, (b) sXZðX;YÞ, and (c) rZZðX;YÞ.
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may be interpolated using the shape functions as
fwðn;g; fÞg ¼ ½Nðg; fÞfwðnÞg: ð84Þ
Substituting Eq. (84) into Eq. (83), the weak formulation of the elas-
tostatic equations may be obtained as
fwðnÞgT
Z
Sn
½Nðg; fÞT n2½b1ðg; fÞT ½D b1ðg; fÞ
h i
½Nðg; fÞfuðnÞg;nn

þ n½b2ðg; fÞT ½D b1ðg; fÞ
h i
;g
½Nðg; fÞfuðnÞg;n
þ n½b3ðg; fÞT ½D b1ðg; fÞ
h i
;f
½Nðg; fÞfuðnÞg;n þ n2ff bðn;g; fÞg

 j½Jðg; fÞjdgdf ¼ 0 ð85Þor
Z
Sn
½Nðg; fÞT n2 b1ðg; fÞ
h iT
½D b1ðg; fÞ
h i
½Nðg; fÞfuðnÞg;nn

þ n½b2ðg; fÞT ½D b1ðg; fÞ
h i
;g
½Nðg; fÞfuðnÞg;n
þ n½b3ðg; fÞT ½D b1ðg; fÞ
h i
;f
½Nðg; fÞfuðnÞg;n þ n2ff bðn;g; fÞg

 j½Jðg; fÞjdgdf ¼ 0: ð86Þ
Using Eqs. (67)–(71), the coefﬁcient matrices and vectors may be
derived as
(a)
(b)
(c)
Fig. 9. Example 2: semi-inﬁnite 3D domain; (a) geometry and boundary conditions, (b) geometry and meshing in the local coordinates system, (c) the boundaries of the
problem is discretized using the 16 nine-node elements with 45 CLL control points (or nodes).
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Fig. 10. Variation of displacement components along Z-axis in second example, at
the intersection line of XZ and YZ planes where X ¼ Y ¼ 0:1.
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Z
Sn
B1ðg; fÞ
h iT
½D B1ðg; fÞ
h i
j½Jðg; fÞjdgdf; ð87Þ
½D1 ¼
Z
Sn
B2ðg; fÞ
h iT
½D B1ðg; fÞ
h i
;g
j½Jðg; fÞjdgdf; ð88Þ
½D2 ¼
Z
Sn
B3ðg; fÞ
h iT
½D B1ðg; fÞ
h i
;f
j½Jðg; fÞjdgdf; ð89Þ
fFbðnÞg ¼
Z
Sn
½Nðg; fÞTff bðn;g; fÞgj½Jðg; fÞjdgdf: ð90Þ
Consequently, Eq. (86) may be re-written as
n½D0fuðnÞg;nn þ ½D1fuðnÞg;n þ ½D2fuðnÞg;n þ nfFbðnÞg ¼ f0g; ð91Þ
where fFbðnÞg ¼ FbxðnÞ; FbyðnÞ; Fbz ðnÞ
j kT
indicates the nodal vector of
body forces.
As the coefﬁcient matrices ½D0; ½D1, and ½D2 are independent of
n, Eq. (91) is a system of ordinary differential equations of radial
coordinate n, and represents the governing equations of the DSB-
FEM for elastostatic problems.
6. Quadrature
In order for calculate the coefﬁcient matrices ½D0; ½D1, and ½D2
and vector fFbðnÞg, it is required to calculate integrals over each
element, numerically. As the nodes are located at CLL points, the
Clenshaw–Curtis quadrature rule is employed (Clenshaw andCurtis, 1960), which in turn leads to diagonal coefﬁcient matrices
as explained later.
Implementing the Clenshaw–Curtis quadrature rule for 3D
problems, integrations over the elements on the boundaries Sne
may be written as
(a) 
(b) 
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Fig. 11. Variation of vertical stress component in the 2nd example; (a) along Z-direction at X ¼ Y ¼ 1, (b) along horizontal plane at Z ¼ 1, and (c) along horizontal plane at
Z ¼ 3.
Fig. 12. Contour of vertical stress at the XZ plane ðY ¼ 0Þ computed using the
DSBFEM in the second example.
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Sn
f ðxðg; fÞ; yðg; fÞ; zðg; fÞÞdS ¼
Z
Sn
gðg; fÞdS
¼
Z þ1
1
Z þ1
1
f ðxðg; fÞ; yðg; fÞ; zðg; fÞÞJðg; fÞdgdf
¼
Xngþ1
a¼1
Xnfþ1
b¼1
wawbf abJ
ab; ð92Þ
where, Jab ¼ Jðga; fbÞ and f ab ¼ f ðga; fbÞ denote the values of J and f
functions at CLL points, respectively. Moreover,wa andwb represent
the quadrature weights associated with the CLL points of Clen-
shaw–Curtis quadrature. The quadrature weights are given as
(Clenshaw and Curtis, 1960)
wa ¼ 12 c
g
1 
1
3
cg3 
1
15
cg5     
cg2kþ1
ð2kþ 1Þð2k 1Þ     ; ð93Þ
wb ¼ 12 c
f
1 
1
3
cf3 
1
15
cf5     
cf2kþ1
ð2kþ 1Þð2k 1Þ     ; ð94Þ
where
cgi ¼
2
ng
1
2
½gðg0Þþ gðgng Þcosðpði1ÞÞþ
Xng1
k¼1
gðgkÞcos
pði1Þk
ng
 ( )
;
ð95Þ
cfj ¼
2
nf
1
2
½gðf0Þþ gðfnfÞcosðpðj1ÞÞþ
Xnf1
k¼1
gðfkÞcos
pðj1Þk
nf
 ( )
ð96Þ
in which, gk and fk are CLL points, for i ¼ 1;2; . . . ; ng and j ¼
1;2; . . . ;nf.7. Decoupled governing differential equations
Using Clenshaw–Curtis quadrature rule as well as special shape
functions results in diagonal coefﬁcient matrices ½D0; ½D1, and ½D2,
which in turn yield to a system of ordinary differential equations.
The decoupling of equations may be achieved by substituting the
special shape functions into Eqs. (87)–(89), and then implementing
r =
1m
MPa1=ZZσ
MPa1=ZZσ
Mixed BC
r =
1 m
Mixed BC 
Mixed BC
X
Z
Y
(a) (b)
(c)
Fig. 13. Example 3: a spherical cavity in 3D inﬁnite domain; (a) geometry and boundary conditions, (b) one-eighth of geometry and related boundary conditions in the global
coordinates system, (c) the cavity face is discretized using 12 nine-node elements with 62 CLL control points.
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matrices may be found as
D0ij ¼ 4dijwgii wfii ½B1ðgi; fiÞT ½D½B1ðgi; fiÞj½Jðgi; fiÞj; ð97Þ
D1ij ¼ 4dijwgii wfii ½B2ðgi; fiÞT ½D½B1ðgi; fiÞ;gj½Jðgi; fiÞj; ð98Þ
D2ij ¼ 4dijwgii wfii ½B3ðgi; fiÞT ½D½B1ðgi; fiÞ;fj½Jðgi; fiÞj ð99Þ
in which dij indicates the Kronecker Delta. Based on the results of
Section 4, the special shape functions introduced in the DSBFEM,
present the following propertiesNiðgj; fkÞNlðgp; fqÞ ¼
1:0; i ¼ j ¼ k ¼ l ¼ p ¼ q;
0:0; otherwise

ð100Þ
and
Ni;gðgj; fkÞNlðgp; fqÞ ¼ 0:0; ð101Þ
Ni;fðgj; fkÞNlðgp; fqÞ ¼ 0:0; ð102Þ
which result in diagonal coefﬁcient matrices. As a result, the system
of differential (91) may be illustrated by a single ordinary differen-
tial equation associated with a speciﬁed point i as given below
nD0iiuðnÞi;nn þ D1ii þ D2ii
 
uðnÞi;n þ nFbi ðnÞ ¼ 0 ð103Þ
:0.5
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1.1
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2
2.3
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σ
Z
Z
(X
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Y
)
X  or Y
The DSBFEM
Analytical Solution
Fig. 14. The stress component in the 3rd example along Z-direction at the
intersection of XZ and XY planes along X-axis. The results are the same for the
stress component along Z-direction at intersection of YZ and XY planes along Y-axis.
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n
D011x 0 0    0 0 0
0 D011y 0    0 0 0
0 0 D011z    0 0 0
..
. ..
. ..
. . .
. ..
. ..
. ..
.
0 0 0    D0mmx 0 0
0 0 0    0 D0mmy 0
0 0 0    0 0 D0mmz
2
66666666666664
3
77777777777775
u1x
u1y
u1z
..
.
umx
umy
umz
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
;nn
þ
D111x 0 0    0 0 0
0 D111y 0    0 0 0
0 0 D111z    0 0 0
..
. ..
. ..
. . .
. ..
. ..
. ..
.
0 0 0    D1mmx 0 0
0 0 0    0 D1mmy 0
0 0 0    0 0 D1mmz
2
66666666666664
3
77777777777775
u1x
u1y
u1z
..
.
umx
umy
umz
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
;n
þ
D211x 0 0    0 0 0
0 D211y 0    0 0 0
0 0 D211z    0 0 0
..
. ..
. ..
. . .
. ..
. ..
. ..
.
0 0 0    D2mmx 0 0
0 0 0    0 D2mmy 0
0 0 0    0 0 D2mmz
2
66666666666664
3
77777777777775
u1x
u1y
u1z
..
.
umx
umy
umz
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
þn
Fb1x
Fb1y
Fb1z
..
.
Fbmx
Fbmy
Fbmz
8>>>>>>><
>>>>>>>:
9>>>>>>>=
>>>>>>>;
¼
0
0
0
..
.
0
0
0
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
ð104Þ
Eq. (104) provides a system of differential equations for 3m DOFs.
Each differential equation in Eq. (104) depends only on the elasto-
static function of the ith DOF. In other words, the coupled system
of differential equations has been transformed into decoupled or-
dinary differential by the virtue of a special set of mapping func-
tions, shape functions, and numerical integration, through a weak
formulation procedure. In other words, to compute the displace-
ment function and its derivatives at a given point, the governing
equation that is corresponding to that point should be solved, only.
In addition, as may be observed in next sections, the decoupled dif-
ferential equations system proposed by the DSBFEM also provides
excellent accuracies by employing a few numbers of DOFs com-
pared to other numerical methods.
The general solution of differential Eq. (104), for the ith DOF, is
given as
uiðnÞ ¼ AiD
0
iin
D0
ii
D1
ii
D2
ii
D0
ii
 
D0ii  D1ii  D2ii
  n2
2ðD0ii þ D1ii þ D2iiÞ
Fbi þ Bi ð105Þ
in which Ai and Bi are the constant coefﬁcients which are evaluated
by imposing the BCs at n on the boundaries, corresponding to the ith
DOF. It should be noted that n 2 ½0;1 for bounded media, and
n 2 ½1;1Þ for unbounded or semi-inﬁnite media.
It is worthwhile remarking that the general solution of the gov-
erning Eq. (103) should be solved for each DOF, along x, y and z-
directions, separately. Therefore, Eq. (105) gives the variation of
displacement ﬁeld in the problem domain along radial coordinate
n associated with the ith DOF. In order to compute the displace-
ment or stress at any given point in the domain or on the bound-
aries, except nodes, interpolating with shape functions should be
employed.
The DSBFEM should be clearly categorized as a semi-analytical
solution method which presents approximate numerical solutionson the boundaries, while provides exact analytical solutions within
the domain of interest.
8. Numerical experiments
In this section, four elastostatic problems in 3D space, are se-
lected and investigated to illustrate the efﬁciency and accuracy
of the DSBFEM.
8.1. 3D cantilever beam
The ﬁrst example is a simple classical benchmark test of 3D can-
tilever beamwith square cross section of 1 1 m and length of 3 m
as shown in Fig. 5(a). The beam is loaded by shear traction along Y-
direction at its free end. The equivalent force of shear traction is
5 kN. The material properties are: Young’s modulus E ¼ 2
105 MPa, and Poisson’s ratio m ¼ 0:3. In this problem, the SC is
selected as shown in Fig. 5(b)–(e). Consequently, the boundary sur-
faces located at X ¼ 0:5; Y ¼ 0:5 and Z ¼ 0 do not need to be dis-
cretized, while other remaining boundary surfaces are discretized
using nine-node elements as shown schematically in Fig. 5(f).
To evaluate the performance of the DSBFEM, and to give assur-
ance of the robustness of the method, convergence studies are
examined in this example. The results of convergence tests allow
the reader to know how ﬁne the element mesh should be to obtain
results of a particular level of accuracy. To this end, the boundary
sides of the beam are discretized using four various mesh densities
including 19, 29, 39, and 49 DOFs, as shown in Fig. 5(b)–(e), respec-
tively. Fig. 6(a) represents the variation of vertical displacement
component along Z-axis at plane ðX ¼ 0; Y ¼ 0Þ calculated using
the DSBFEM based on the above-mentioned mesh densities. To
evaluate the accuracy of the obtained results by the DSBFEM, the
results of analytical solution (Timoshenko and Goodier, 1970) are
also drawn in the same ﬁgure. The accuracy of the various DSBFEM
solutions is computed in percentage terms as
Errorð%Þ ¼ juY ;DSBFEM  uY ;AnalyticaljjuY;Analyticalj  100: ð106Þ
Fig. 6(b) plots the error distribution of the results of the DSBFEM
and analytical solutions. Moreover, the maximum values of errors
for each mesh densities are shown in Fig. 6(c). Obviously, the results
of the ﬁnest mesh of Fig. 5(e) shows the best accuracy; however the
results based on the mesh of Fig. 5(d) are also acceptable with the
maximum value of error of 4.3%. The stress components corre-
sponding to the mesh of Fig. 5(d) are shown in Fig. 7. And ﬁnally,
Fig. 8 represents the contour plots for stress components at a sam-
ple cross section of the beam.
(a)
(c)
(b)
Fig. 15. Example 4: 3D L-shaped domain subjected to horizontal traction; (a) geometry and boundary conditions; (b) geometry and meshing in the local coordinates system
using 28 nine-node elements; (c) discretization of the problem’s boundaries in more details.
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The second example considers the Boussinesq’s problem which
involves a concentrated force along Z-direction, fPg ¼ 0 0b
25cT kN, normal to the free surface of a semi-inﬁnite solid med-
ium, as shown in Fig. 9. The concentrated force is applied at point
ðX ¼ 0; Y ¼ 0; Z ¼ 0Þ. The material properties are taken as:
Young’s modulus E ¼ 15 MPa, and Poisson’s ratio m ¼ 0:3. Obvi-
ously in this problem, the displacement components are zero at a
ﬁnite distance far from the concentrated load. Furthermore, the
tractions components at free surface of the medium are trivial.
As a result, these boundary conditions are considered to obtain
the displacement and stress ﬁeld related to corresponding DOFs.For the semi-inﬁnite domain of the present problem, the SC is
chosen outside of the domain (see Fig. 9b). In order to model the
underlying domain, a square of 10 10 m2 of the free surface is
discretized using only 16 nine-node elements with 45 nodes (see
Fig. 9(c)).
Fig. 10 represents the variation of vertical displacement along
the line of ðX ¼ 0:1; Y ¼ 0:1Þ, whereas the variation of vertical
stress in different sections of the domain are plotted in Fig. 11. Figs.
10 and 11 also show the concerning analytical solution results of
displacement and stress components (Sadd, 2009) to be used in
comparing the results of the DSBFEM and analytical ones. As
shown in these ﬁgures, the results obtained by using the DSBFEM
are in good agreement with the analytical results. Moreover, the
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DSBFEM, is depicted in Fig. 12.8.3. Spherical cavity in an inﬁnite medium
In the third example, the problem of a stress-free spherical cav-
ity of radius r ¼ 1 m, in an inﬁnite elastic medium subjected to a
uniform tensile stress at inﬁnity is studied. The problem is depicted
in Fig. 13(a), in which for convenience, the Z-axes is oriented along
the direction of the uniform far ﬁeld stress rZZ ¼ 1 MPa. The mate-
rial properties for this example are: Young’s modulus E ¼ 200 GPa,
and Poisson’s ratio m ¼ 0:3 . In this problem, the inner surface of the
spherical cavity is traction free (Neumann BC) and the displace-
ment components at inﬁnity vanish (Dirichlet BC).
Due to symmetry, it is sufﬁcient to model one octant of the
problem with suitable symmetrical BCs, as depicted in Fig. 13(b).
As the domain of this problem is inﬁnite, the SC is chosen at point
(0,0,0) on the center of spherical cavity (Fig. 13(c)), and the spher-
ical cavity of the inﬁnite domain is discretized using only 12 nine-
node elements with 62 nodes. The results obtained by the DSBFEM
for the stresses are summarized in Fig. 14, where analytical solu-
tions (Timoshenko and Goodier, 1970) are also plotted for compar-ison. It can be seen that the accuracy of the DSBFEM is good enough
to analyze unbounded elastostatic problems.
8.4. L-shaped bracket problem
In order to show the capabilities of the DSBFEM in solving more
complicated 3D stress ﬁelds, the L-shaped bracket domain is inves-
tigated as the last example. A tensile stress of rXXðY ; ZÞ ¼
500ðZ þ 0:75YÞ Pa is applied at side X ¼ 4 m of the bracket as
shown in Fig. 15(a). The material properties for the bracket are as-
sumed as: Young’s modulus E ¼ 200 kPa, and Poisson’s ratio
m ¼ 0:25 . In this problem, the displacement components at side
X ¼ 0 m are vanished. As shown in Fig. 15(b), the SC is located at
ð4;0;2Þ. The boundary surfaces of X ¼ 4; Y ¼ 0, and Z ¼ 2 are
not required to be discretized, while other remaining boundary
surfaces are discretized using nine-node elements, with total 399
DOFs (see Fig. 15(b)–(c)).
Fig. 16 represents variations of displacement components along
line ‘‘b’’, while variations of stress components along line ‘‘a’’ are
plotted in Fig. 17. In these ﬁgures, the corresponding results of dis-
placement and stress components obtained by the FEM are also
drawn for comparing the results of both methods. The FEM mesh
includes solid eight-node brick elements, with total 1728 DOFs.
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are in good agreement with the results of the FEM.
9. Conclusions
In this paper, detailed formulation of the proposed semi-analyt-
ical method, called DSBFEM, for modeling 3D elastostatic problems
has been presented. As illustrated and discussed, by employing
new subparametric elements with higher-order Chebyshev poly-
nomials as mapping functions, the special polynomials as shape
functions and Clenshaw–Curtis quadrature to calculate corre-
sponding integrals, diagonal coefﬁcient matrices regarding to
decoupled ordinary differential equations have been obtained.
Elastostatic analyses of four benchmark problems of bounded,
semi-inﬁnite and unbounded domains have been successfully car-
ried out using the DSBFEM. In these examples, various elastostatic
problems and boundary conditions have been selected to illustrate
the generality and applicability of the DSBFEM. It is remarkable
that all these examples have been modeled with very small num-
ber of DOFs, preserving high accuracy comparing with available
analytical solutions.
Further development of the DSBFEM for the analysis of 3D elas-
todynamic problems is left as a future topic, whose 2D case has
been recently published (Khodakarami et al., 2012). This topic is
currently being followed by the authors and its results will appear
soon.
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